We outline a method that enables the efficient computation of exact Fréchet sensitivity kernels for a non-gravitating 3-D spherical earth model. The crux of the method is a 2-D weak formulation for determining the 3-D elastodynamic response of the earth model to both a moment-tensor and a point-force source. The sources are decomposed into their monopole, dipole and quadrupole constituents, with known azimuthal radiation patterns. The full 3-D response and, therefore, the 3-D waveform sensitivity kernel for an arbitrary source-receiver geometry, can be reconstructed from a series of six independent 2-D solutions, which may be obtained using a spectral-element or other mesh-based numerical method on a 2-D, planar, semicircular domain. This divide-and-conquer, 3-D to 2-D reduction strategy can be used to compute sensitivity kernels for any seismic phase, including grazing and diffracted waves, at relatively low computational cost.
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• , 5 s ? ? ? ? Figure 1 . Traveltime sensitivity kernels in PREM (Dziewonski & Anderson 1981) , calculated using the ray-based approach of Dahlen et al. (2000) . Question marks indicate regions where the sensitivity is not computed accurately due to the deficiencies of ray theory. (a) Sensitivity of a P wave grazing the core and emerging at an epicentral distance of 100 • ; the characteristic period is 5 s. An improved method is needed to compute the sensitivity in the D region. (b) Sensitivity of a 10 s P wave that propagates to an epicentral distance of 40 • . Turning P and S waves at this distance and less are affected by upper-mantle triplications. (c) Sensitivity of a 20 s SS surface reflection that propagates to an epicentral distance of 120 • . Question marks cover the source-to-receiver and receiver-to-source caustics, where ray theory incorrectly approximates the sensitivity. In all of these instances, the expectation is that the ray-based kernels will be an excellent approximation to the exact sensitivity kernels, except where covered by the question marks.
variations is a non-trivial computational problem, because it requires computation of the background-earth Green tensor and its spatial derivative at all relevant space and time points for all source-receiver configurations. Past attempts to calculate exact 3-D sensitivity kernels have been based upon spherical-earth normal-mode summation (Zhao et al. 2000; Capdeville 2005 ), finite differences (Zhao et al. 2005) , and spectral-element simulations . The latter study utilizes an innovative adjoint method (Tarantola 1984) to construct 3-D sensitivity kernels on-the-fly, requiring only two wave-propagation simulations for every earthquake. Although this idea is extremely promising in the long term, it is currently severely limited by computational resources, inasmuch as waveforms calculated on even the largest supercomputers resolve periods not much shorter than 5 s, and need to be recomputed for any change in the objective function or data set. The recent incorporation of finite-frequency effects into large-scale tomographic inversions (Montelli et al. 2004 ) makes use of approximate sensitivity kernels which rely upon seismic ray theory to approximate the Green tensor (Dahlen et al. 2000) . Such ray-based Born sensitivity kernels are adequate for the non-triplicated, turning or reflected P, S, PP, SS, PcP and ScS waves inverted by Montelli et al. (2004) ; however, they are unable to account accurately for other phases, including near-grazing waves, core diffractions and upper-mantle triplications, that would be extremely useful in constraining global tomographic models. Fig. 1 shows ray-plane plots of three ray-based sensitivity kernels in PREM (Dziewonski & Anderson 1981) , with question marks indicating regions where they are known to be inaccurately computed.
In this paper we describe a numerical scheme that enables the computation of exact 3-D sensitivity kernels for any portion of the seismic waveform in a background spherically symmetric earth. Because the scheme is limited to an unperturbed spherical earth, it cannot be used as the basis for iterative non-linear inversions like the adjoint method of Tromp et al. (2005) . Its principal advantage over that fully 3-D method is the efficiency with which the kernels can be computed, even for high frequencies (>1 Hz), on a relatively small computer cluster. We achieve this improvement in efficiency by reducing the computation of the 3-D Green tensor to a series of equivalent 2-D problems. This divide-and-conquer strategy opens the door to storing a library of waveforms in 2-D to enable the computation of full 3-D Fréchet kernels for any given seismic phase, including core-grazing and core-diffracted waves, which can be used to improve tomographic imaging of heterogeneities in the lowermost mantle. In the paper following this one (Nissen-Meyer et al. 2007 ), we will introduce a numerical method based on 2-D spectral elements to compute the spherical-earth Green tensor and its spatial derivative.
FIRS T -O R D E R P E RT U R B AT I O N T H E O RY
For simplicity, we ignore rotation, self-gravitation and anelasticity, and consider an unperturbed, anisotropic, elastic earth model occupying a finite volume ⊕ with surface ∂⊕. Points within the model will be labelled by their position r; we denote the mass density by ρ(r) and the fourthorder elasticity tensor by C(r). The model is presumed to have a number of internal solid-solid discontinuities, the union of which is denoted by SS , and a number of internal fluid-solid discontinuities, the union of which is denoted by FS . The union of all the boundaries, including the outer free surface ∂⊕, will be denoted by = SS ∪ FS ∪ ∂⊕. The unit outward normal to the composite surface will be denoted bŷ n(r). In the fluid regions of the Earth, the components of the elasticity tensor C are given by C i jkl = κδ i j δ kl , where δ i j is the Kronecker delta and κ(r) is the isentropic incompressibility. In the solid regions C is constrained only by the customary elastic symmetry relations C ijkl = C jikl = C ijlk = C klij . We shall eventually, in Sections 3 and 4, limit consideration to an unperturbed earth model that is spherically symmetric, with an isotropic elasticity tensor of the form C ijkl = λδ i j δ kl + µ(δ ik δ jl + δ il δ jk ), where λ and µ are the Lamé parameters, related to the compressional and shear wave speeds v p and v s by v 2 p = (λ + 2µ)/ρ and v 2 s = µ/ρ. In the present perturbation-theoretic discussion, however, there is no need to impose this restriction.
We denote the Green tensor of the unperturbed earth model by G(r r , t; r s , 0). By definition, G pq (r r , t; r s , 0) is the particle displacement measured in the p th direction at a receiver point r r and time t, due to an impulsive force exerted in the q th direction at a source point r s and time t = 0. The principle of source-receiver reciprocity guarantees that the Green tensor satisfies the relation (Aki & Richards 1980, Section 2.4; Dahlen & Tromp 1998 , Section 4.1.7)
where the superscript T denotes the transpose, G
Let u(t) be thep component of the displacement at the receiver r r due to a step-function, moment-tensor source MH(t) situated at the source point r s . This moment-tensor response of the Earth is given in terms of the Green tensor by (Aki & Richards 1980, Section 3.3; Dahlen & Tromp 1998, Section 5.4 .1)
where ∇ s denotes the gradient with respect to the source coordinates r s . For a more general earthquake source at r s , with a moment release history m(t), 0 ≤ t ≤ ∞, satisfying
where a dot denotes differentiation with respect to time, the displacement at r r is given by
where u H (t) is the Heaviside response, given by eq. (2). We shall henceforth restrict attention to a step-function source m(t) = H (t), and drop the subscript H upon the response u(t).
Volumetric perturbation
Suppose now that the earth model is subjected to pointwise infinitesimal perturbations in the density and elastic properties, ρ(r) → ρ(r) + δρ(r) and C(r) → C(r) + δC(r). The moment-tensor response is altered as a result of this slight perturbation, u(t) → u(t) + δu(t). The Born approximation provides an explicit linear relation between the waveform perturbation δu(t) and the volumetric model perturbations δρ(r) and δC(r). We do not provide an independent derivation of this well-known relationship (e.g. Chapman 2004, Section 10.3.1.2), but instead simply quote the result here. Two unperturbed displacement fields are required at every volumetric 'scatterer' location r: the first is the response
to the earthquake MH (t) situated at the source location r s , and the second is the response
to an impulsive point forcep δ(t) exerted in the receiver polarization direction at r r . Differentiation with respect to t and r yields the associated displacement and strain fields
The forward-pointing and backward-pointing arrows serve as a mnemonic reminder that the fields u → , v → and E → are considered to propagate in the forward direction from r s to r, whereas ← u, ← v and ← E are considered to propagate in the backward direction from r r to r. The perturbation δu(t) is given in terms of δρ(r) and δC(r) by (Chapman 2004, eq. 10.3.42) 
Making use of an obvious index notation and suppressing all of the dependencies, we can rewrite this in the abbreviated form
where * denotes time-domain convolution. The physical signal u(t) + δu(t) propagates entirely in the forward direction, from the source r s to the scatterer r and then to the receiver r r . We have made use of the reciprocity relation (1) to express the results (9) and (10) in terms of the backward-propagating velocity
Eklxkxl at the scatterer r.
Boundary perturbation
Suppose next that, in addition to the volumetric perturbations δρ and δC, the boundary is displaced outward (i.e. in then direction) by an infinitesimal amount δd(r). In that case, eq. (10) must be supplemented by a boundary integral term (Dahlen 2005) : 
where [· ]
+ − denotes the jump discontinuity in the enclosed quantity, upon going from the outside of the boundary to the inside, and ∇ =x q ∂ q is the tangential gradient operator on , defined by ∇ =n∂ n + ∇ (Woodhouse & Dahlen 1978; Dahlen & Tromp 1998 , Section 13.1.6). It is noteworthy that the final integral in eq. (11) is only over the fluid-solid boundaries FS .
Rotation to the pole
In summary, two fundamental ingredients or building blocks are needed to compute a first-order waveform perturbation δu(t), in the Born approximation:
(i) the forward-propagating displacement u → (r, t) and associated velocity v → (r, t) and strain E → (r, t) generated in the unperturbed earth by a moment-tensor source MH (t)δ(r −r s ),
(ii) the backward-propagating displacement u ← (r, t) and associated velocity v ← (r, t) and strain E ← (r, t) generated in the unperturbed earth by an impulsive point forcep δ(t)δ(r − r r ).
In the method to be described in this paper, the unperturbed, forward-propagating and backward-propagating responses are computed using independent systems of coordinates, in which the source r s and the receiver r r , respectively, have been rotated so that they lie on or beneath the north pole. We discuss the geometrical considerations needed to transform the computed quantities to a global (Greenwich) coordinate system in this section. We take the origin r =0 to be at the centre of mass of the Earth, and denote the global Cartesian axes bŷ x,ŷ,ẑ, and the spherical polar coordinates of the source and receiver by r s = (r s , θ s , φ s ) and r r = (r r , θ r , φ r ). Source coordinate axesx s ,ŷ s ,ẑ s are affixed to the origin 0, but are oriented so that they point south, east and up (i.e. in theθ s ,φ s ,r s directions) when parallel-transported to r s , as illustrated in Fig. 2 . Receiver coordinate axesx r ,ŷ r ,ẑ r are likewise oriented so that they coincide withθ r ,φ r ,r r when parallel-transported to r r . The global, source and receiver coordinates of an arbitrary scatterer,
where the superscript T denotes the matrix transpose, and where
and
cos θ r cos φ r − sin φ r sin θ r cos φ r cos θ r sin φ r cos φ r sin θ r sin φ r
are the rotation matrices that rotate the source r s and the receiver r r to the north pole. Suppose we have the capability of computing the components
of the forward-propagating velocity and strain fields v → (r, t) and E → (r, t) in the source coordinate systemx s ,ŷ s ,ẑ s . The corresponding components
in the global coordinate systemx,ŷ,ẑ are given by the usual transformation relations
The receiver-coordinate components
of the backward-propagating velocity and strain fields v ← (r, t) and E ← (r, t) are likewise related to the global-coordinate components
Computational outline
To conclude this section, we outline the steps needed to compute a first-order waveform perturbation δu(t):
(i) Compute the matrices R s , R r that rotate the source and receiver r r , r s to the pole.
(ii) Find the source and receiver coordinates of a selected scatterer r = (x, y, z). Steps (iii) and (iv) are the crux of the calculation. Fundamentally, we need to be able to compute the forward-propagating displacement field u → and its temporal and spatial derivatives v → , E → in a system of coordinates with the source r s rotated to the north pole, and the backwardpropagating displacement field u ← and its temporal and spatial derivatives v ← , E ← in a system of coordinates with the receiver r s rotated to the north pole. A numerical scheme for conducting such calculations is, in fact, the central topic of this paper; so far, all we have done is articulate our principal motivation for developing such a scheme.
SNRE I E A RT H M O D E L
We shall, in our numerical scheme, restrict attention to an unperturbed SNREI earth model, having spherical boundaries = SS ∪ FS ∪ ∂⊕, with unit normal everywhere equal to the radial vector,n =r. The density ρ, fluid incompressibility κ, solid Lamé parameters λ and µ,
, for simplicity, and the spherical polar coordinates of an arbitrary scatterer will now be denoted simply by r = (r , θ, φ). The polar coordinates of the source and receiver are r s = (r s , 0, · ) and r r = (r r , 0, · ), where the dots are indicative of the indeterminateness of the longitude φ at the pole. In any realistic whole-earth application, the receiver will be situated on the free surface, so that r r = r 0 , the radius of the Earth. The earthquake moment tensor M and receiver polarization vectorp will be expressed in terms of theirx,ŷ,ẑ components in the form
In this notation, M xz and M yz correspond toθ s · M ·r s andφ s · M ·r s at the global source location r s , and p x , p y , p z point to the south, east and up (i.e. in theθ r ,φ r andr r directions) at the global receiver location r r .
Mode-sum representation of the response
The response of a spherically symmetric, non-rotating, elastic earth model to a polar moment-tensor or point-force source MH (t) orp δ(t) can be expressed as a sum over the normal modes of free oscillation. We review this mode-sum representation of the response in what follows, since it provides a useful guide to the expected form of the alternative solution which we seek to develop. The results in this section are not restricted to a SNREI earth model, but are applicable to any elastic earth model that is invariant with respect to rigid rotations about its centre. We adopt the normal-mode nomenclature of Dahlen & Tromp (1998) , denoting the eigenfrequency of a mode of angular degree l = 0, 1, . . . and overtone number n = 0, 1, . . . by n ω l , and normalizing the associated spheroidal and toroidal eigenfunctions by
The forward-propagating response to a step-function moment-tensor source is of the form (Dahlen & Tromp 1998 , eq. 4.67)
whereas the backward-propagating response to an impulsive point force is of the form (Dahlen & Tromp 1998 , eq. 4.60)
The vector amplitude factors n A → l (r) and n A ← l (r) describing the shape of every spherical-earth oscillation are given by (Dahlen & Tromp 1998 , eqs 10.52 and 10.60)
where the double-sided arrows point in either direction, and where we have let k = l(l + 1) and dropped the subscripts n and l for simplicity. The depth-independent, forward-propagating scalar n A → l (θ, φ) is a sum over surface spherical harmonics of degree l and orders 0 ≤ m ≤ 2 (Dahlen & Tromp 1998, eqs 10.53-10.59 
where
The backward-propagating scalar ← A(θ , φ) has an analogous form, except that the order is restricted to 0 ≤ m ≤ 1:
A prime in eqs (29)-(33) denotes differentiation with respect to radius r, and the subscripts s and r denote evaluation of U, V and W at the source and receiver radii, r = r s and r = r r . The quantities P l0 , P l1 , P l2 are the associated Legendre functions of degree l and orders m = 0, 1, 2 (e.g. Dahlen & Tromp 1998 , eq. B.48).
Monopole, dipole and quadrupole sources
Inspection of the above results shows that the forward-and backward-propagating, spherical-earth responses u → (r, t) and u ← (r, t) can be expressed as a linear superposition of three different types of sources, which can be distinguished on the basis of their azimuthal dependence on φ:
(i) monopole sources, for which u → and u ← are independent of φ,
(ii) dipole sources, for which u → and u ← vary as cos φ or sin φ, (iii) quadrupole sources, for which u → and u ← vary as cos 2φ or sin 2φ.
The source-coordinate representation of the moment tensor M in eq. (22) can be rearranged to yield a representation of M in terms of its monopole, dipole and quadrupole constituents:
Likewise, the point force (23) is a sum of monopole and dipole sources:
The dipole sources in eq. (36) We describe the preliminaries of a numerical scheme for solving these six types of source problems within a SNREI earth in the next section. The essential strategy is to effect a reduction in the dimension from 3-D to 2-D by accounting explicitly for the known azimuthal dependence of the responses u → (r, t) or u ← (r, t) to a monopole, dipole or quadrupole source. The resulting 2-D integral equations can be solved numerically within a D-shaped, planar, semicircular disk, as illustrated schematically in Fig. 3 . The method we describe can be generalised to a transversely isotropic, spherically symmetric earth model such as PREM (Dziewonski & Anderson 1981) .
REDU C E D -D I M E N S I O N W E A K F O R M U L AT I O N
In what follows, we shall be obliged to pay closer attention to the distinction between the fluid and solid regions of the Earth than we have done so far; to that end, we introduce some refinements in our notation. For simplicity, we shall restrict attention to SNREI earth models with a solid inner core, overlain by a fluid outer core, overlain by a solid mantle and crust, but with no surficial ocean. We shall henceforth use three-letter symbols to label the various regions and the spherical boundaries that separate them: SIC: solid inner core, FOC: fluid outer core, SMC: solid mantle-plus-crust, ICB: inner-core boundary, CMB: core-mantle boundary. We shall also de-emphasize the distinction between the forward-propagating, moment-tensor and backward-propagating, point-force responses, using generic, arrowless symbols u, E, T to refer to the displacements, strains and stresses
Equations of motion
To find u (r, t) everywhere within the Earth, we must solve the usual strong form of the equations of motion, Figure 3 . Sketch illustrating the 2-D computation of the 3-D forward-and backward-propagating responses at an arbitrary scatterer r. The points r s and r r are the locations of the source and receiver, where waves are excited by a moment tensor MH (t) and a point forcep δ(t), respectively. Shading is suggestive of the radial velocity variation within the spherically symmetric model, with a solid inner core and fluid outer core, overlain by a solid mantle and crust. Numerical computation of the forward-and backward-propagating wavefields is conducted within the two intersecting, semicircular 2-D domains, denoted by the darker shading. The full 3-D moment-tensor and point-force responses can be reconstructed from six 2-D solutions, due to the known azimuthal dependence of the wavefields in a spherically symmetric earth.
subject to the kinematical and dynamical boundary conditions that 
and thatr · T = 0 on the free outer surface ∂⊕. The solid stress T (r, t) and the dynamical fluid pressure P(r, t) are given by
We shall continue to use λ(r ) and µ(r) to denote the Lamé parameters within SIC and SMC, and κ(r ) to denote the incompressibility within FOC.
Potential formulation in the fluid core
Following Komatitsch et al. (2000) , Komatitsch & Tromp (2002) and Chaljub & Valette (2004) we shall find it convenient to adopt a potential formulation within the fluid core. Specifically, we write the displacement u (r, t) and the pressure P(r, t) in terms of a potential χ (r, t) in the form (Chaljub & Valette 2004 )
Upon substituting the representations (44) into eq. (39), we obtain a second-order differential equation for the potential χ(r, t):
The fluid-solid boundary conditions (41) reduce tô
The completeness of the potential representation (44) is guaranteed by the absence of toroidal motion within an inviscid fluid core.
3-D weak formulation
To derive the integral or weak form of the above equations of motion, we dot eqs (38) and (40) with a test vector w (r), multiply eq. (45) by a test scalar w(r), and integrate by parts over the 3-D earth ⊕, making use of the fluid-solid boundary conditions (46) and the freesurface conditionr · T = 0 on ∂⊕. A solution u, χ in an appropriate space with square-integrable derivatives is then sought such that, for all admissible w, w, the following three integral equalities (obtained after integration over SIC, FOC and SMC) hold in the order listed below:
The SIC, FOC and SMC eqs (47)- (49) are coupled by virtue of the boundary integrals over ICB and CMB. It is noteworthy that the source terms on the right side of eq. (49) only involve the test vector w(r rẑ ) and its gradient ∇w(r sẑ ) evaluated at the polar receiver and earthquake locations. Eqs (47)- (49) are identical to eqs (24), (23) and (16) of Komatitsch & Tromp (2002) , except that they used a velocity potential representation v = ∂ t u = −ρ −1 ∇χ , P = ∂ t χ rather than the displacement potential representation (44), first introduced by Chaljub & Valette (2004) .
2-D computational domain
Our objective in the remainder of this paper is to reduce the 3-D weak formulation (47)- (49) to a collection of 2-D weak problems, one for each of the six source types listed in Section 3.2. The computational domain for each of these problems is a planar, D-shaped region , with a boundary ∂ consisting of a straight left edge corresponding to the polar axis, and a semicircular boundary on the right corresponding to the free surface of the 3-D earth, as illustrated in Fig. 4 . We shall continue to refer to the various solid and fluid subdomains by SIC, FOC and SMC, and to the semicircular boundaries separating them as ICB and CMB. Following Bernardi et al. (1999) , Gerritsma & Phillips (2000) and Fournier et al. (2004 Fournier et al. ( , 2005 we shall employ a system of cylindrical polar coordinates s, z related to the spherical polar coordinates in eqs (27)- (28) by
The unit vectorsŝ,ẑ are Cartesian axes within the 2-D computational domain = SIC ∪ FOC ∪ SMC, with an origin 0 at the centre of the Earth. The unit radial vector on ICB and CMB is given bŷ
We consider monopole, dipole and quadrupole sources separately, in the next three sections.
Monopole source
Inspection of the mode-sum eqs (25)- (35) shows that the response u (r, t), χ(r, t) to a p z , M zz or 1 2 (M xx + M yy ) monopole source is of the form
We choose time-independent test functions w(r), w(r) of the same form, i.e.
To reduce the dimensionality of the weak formulation (47)- (49), we substitute the monopole representations (52)-(53), employ the cylindrical polar formula for the gradient operator, ∇ =ŝ ∂ s +ẑ ∂ z +φ s −1 ∂ φ , and the cylindrical divergence operator,
∂ z u z , and evaluate the integrals 2π 0 dφ = 2π over the longitude φ. This yields a 2-D system of weak equations governing the three unknowns u s (s, z, t) , u z (s, z, t) and χ (s, z, t) , which are equivalent to the 3-D system (47)-(49): (54)- (56), (61)- (63) and (69)- (71).
As the braces in the final term indicate, eqs (54)- (56) 
Dipole source
We follow a similar 2-D reduction strategy in the case of a dipole source. From inspection of eqs (25)- (35), we can deduce that the solution u (r, t), χ(r, t) must be of the form
in the case of either a p x or M xz source, and of the form
in the case of either a p y or M yz source. As noted in Section 3.2, the response to a p y or M yz source at longitude φ is the same as the response to a p x or M xz source at longitude φ − π/2, so that the functions u s , u z , u φ are identical in eqs (57) and (58). It is also noteworthy that because of the factors cos φ and sin φ, the symbols u s , u z , u φ do not have their usual meaning (i.e. they are not theŝ,ẑ,φ components of the displacement u). We again choose test functions w (r), w(r) of the same form, namely and making use of the longitudinal identities it is important to distinguish the so-called essential axial boundary conditions, which are all of Dirichlet type and must be specifically imposed in using a Galerkin formulation such as the spectral-element method (Karniadakis & Sherwin 1999) 
The Dirichlet conditions (80)-(82) must be imposed by axial masking of the unknowns u z , u ± , χ and test functions w z , w ± , w in solving eqs (54)- (56), (61)- (63) and (69)- (71).
CONC L U S I O N S
The principle of elastodynamic reciprocity enables the Fréchet sensitivity kernel for a seismic waveform to be computed by temporal and spatial differentiation, followed by convolution, of two unperturbed wavefields: the forward-propagating displacement response u → (r, t) to a moment-tensor MH (t) at the source r s and the backward-propagating response u ← (r, t) to a point forcep δ(t) at the receiver r r . In this paper, we have described a divide-and-conquer strategy for computing the two responses u → (r, t) and u ← (r, t) at all points r within a 3-D spherically symmetric earth by solving six systems of coupled weak equations within a planar, 2-D semicircular domain to account for all possible monopole, dipole and quadrupole, moment-tensor and point-force source types. The full 3-D responses u → (r, t) and u ← (r, t) can be reconstructed from the six 2-D solutions, together with the known azimuthal dependence of the waves excited by the various sources. These results establish the foundation for the paper that follows (Nissen-Meyer et al. 2007) , in which we develop and implement a spectral-element method to solve the resulting 2-D weak equations. Our ultimate objective is the development of a flexible and efficient scheme for computing spherical-earth, finite-frequency sensitivity kernels for arbitrary seismic phases and source-receiver configurations, with an initial focus upon waves that probe the highly heterogeneous and geodynamically interesting D region above the Earth's core-mantle boundary.
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